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Improvement of the Spheroidal Method for 
Artificial Satellites 

John P . Vinti 
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Cambridge, Massachusetts 

ABSTRACT 

Objections to applying the spheroidal method to calculate a 

Previous papers have already treated the behavior in an exactly 
polar orbit of an artificial satellite are easily overcome. 

polar orbit of the right ascension gf, the coordinate for which 
the difficulty supposedly occurs. Just as in the Keplerian prob- 
lem, it remains constant, except for jumps of 180' at a pole. 

the calculation of fd may be inaccurate near a pole, unless one 
takes special precautions. The present paper first simplifies 
the expression for jd for all orbits, polar or not, and then shows 
how to avoid the difficulty altogether, by solving directly for 
rectangular coordinates and velocities. These considerations 

There remains the case of an almost polar orbit, for which 

apply both to papers by the author and by Izsak on the original 
spheroidal method and to the author's later papers incorporating 
the third zonal harmonic into the spheroidal potential. 

The present paper simplifies orbital calculations by the 
spheroidal method for satellite orbits with all inclinations. Its 
main points are the bypassing of the right ascension and the 
avoidance of differences of almost equal quantities, so that all 
calculations become well-conditioned. 
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1. INTRODUCTION 

e 

Objec t ions  have sometimes been made t o  applying t h e  a u t h o r ' s  

sphero ida l  method t o  c a l c u l a t e  a po la r  o r b i t  of an a r t i f i c i a l  
s a t e l l i t e .  The coord ina te s  t h a t  appear a r e  P ,  f o r  which t h e  l e v e l  
s u r f a c e s  a r e  o b l a t e  sphero ids ,  q, f o r  which they  a r e  hyperboloids  
of one s h e e t ,  and t h e  r i g h t  ascension gf. The apparent  d i f f i c u l t y  
i n  a po la r  o r b i t  a r i s e s  only i n  gf and then  only a t  a po le .  

p rocesses  i n  V1961a and V1961b(l) t h a t  t h e  sphero ida l  p o t e n t i a l  
l e a d s  t o  gf = cons tan t ,  except  a t  a po le ,  where it jumps b y  - + 180", 
accordingly as w e  c a l l  t h e  o r b i t  direct  or r e t rog rade ,  r e s p e c t i v e l y .  
This  i s  the  expected behavior ,  j u s t  the  same a s  f o r  a Kepler ian 
o r b i t ,  so t h a t  no r e a l  d i f f i c u l t y  appears .  It  holds  whether or 
no t  t h e  model t a k e s  i n t o  account t h e  t h i r d  zonal harmonic, with 
c o e f f i c i e n t  J3. 

t e d i o u s  numerical  c a l c u l a t i o n s ,  f o r  an e x a c t l y  polar  orbi t ,  one 
might s t i l l  claim t h a t  it remains troublesome f o r  an almost 
po la r  orbi t .  
a small  denominator which almost  vanishes  a t  a po le .  One then 
may very l i k e l y  l o s e  accuracy i n  passing by t h e  pole  o r  have t o  
use s p e c i a l  procedures  which w i l l  i nc rease  computer t i m e  and 
s to rage  demands and which w i l l  n o t  elsewhere be necessary ,  The 

p r e s e n t  paper shows how t o  avoid such d i f f i c u l t i e s .  

For an e x a c t l y  po la r  o r b i t  I have a l r eady  shown b y  l i m i t i n g  

Although t h e  d i f f i c u l t y  was e a s i l y  disposed o f ,  without  

For such an o r b i t  t h e  c a l c u l a t i o n  of gf involves  

2 .  THE AUTHOR'S SPHEROIDAL SOLUTION; WITHOUT J, 

The n o t a t i o n  i n  t h i s  s e c t i o n  i s  t h a t  of V1961a, c o r r e c t i o n s  
of which a r e  t o  be found i n  Walden and Watson 1967, p .  16.  The 
rec t angu la r  coord ina tes  X,  Y ,  Z s a t i s f y  

1/2 2 2 x + i y  = ( p  +c (1-7~) exp id 

z = Prl  

Now by (8.50) of V1961a, 

d = Q ' + L  

1. The i n i t i a l  V r e f e r s  t o  t h e  a u t h o r B s  own papers .  
-1- 



where F i s  t h a t  p a r t  of t h e  express ion  which v a r i e s  r a p i d l y  near 
a p o l e .  Here 0' i s  given by Eq. ( 9 )  of t h e  p r e s e n t  paper and 

F = KX (3 .1)  

where 

But 

K = IK1 sgn a3 , 

-1 
(4)  

x2 = a32m02T22(a2  2 -a3 2 - 1  (no  2 +n22-i-ri0 2 2  r12 

-1 2 2  2 2 
To +T2 = l+a* ( - 2 q c  ) 

(4 .1  of V 1961a) 

(4.2 of  V 1961a) 

I t  fo l lows  t h a t  K2 = 1, so t h a t  

K = sgn a = +1 (5) 3 -  

f o r  d i r e c t  of r e t r o g r a d e  o r b i t s ,  r e s p e c t i v e l y ,  i n  order  t h a t  t h e  
r i g h t  ascension d may correspondingly e i t h e r  i n c r e a s e  o r  always 
dec rease .  Then 

gf = n' + x sgn a3 (6 1 
i s  an exac t  equat ion  f o r  a l l  o r b i t s ,  w i t h  t h e  sphero ida l  model. 
This  i s  i n  c o n t r a d i s t i n c t i o n  t o  t h e  r e s u l t s  of V1961a, where i t  
was only  shown t o  hold f o r  po la r  orbi ts .  Thus t h e  p r e s e n t  work 
s i m p l i f i e s  a l l  c a l c u l a t i o n s  wi th  t h e  sphe ro ida l  model, 

To f ind  t h e  r ec t angu la r  coord ina te s  X and Y d i r e c t l y ,  wi thout  
f i r s t  c a l c u l a t i n g  d,  i n s e r t  (6)  i n t o  ( l . l) ,  use  

from t h e  l a s t  paragraph of V1961b, and then  p u t  T=q0sin t and 

troublesome denominator (1-7 ) t hen  cance l s  o u t ,  wi th  t h e  
= I  cos  11, from (6.4) and ( 4 , 7 )  of  V1961a. The 2 1/2 

( l - r io  1 

r e s u l t  
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2 2 L  X + i Y  = (P +c ) (cos$ +i cos I sin \Ir)exp in' 

for all orbits, direct or retrograde. Here 

1 - -  

4 
-'I2 (A3v+ c A3ksinkv) 

k=l 
2 -c a3(-25) (9) 

Separately 
1 
2 
- 

(10.1) 
2 2  X=(P +c ) (cos 0 '  cos $-sin Q c  cos I sin d ~ )  

1 
2 
- 

(10.2) 
2 2  Y=(P +c ) (sin cd' cos ib + cos cos I sin 4 )  

These expression contain no singularities or rapidly varying 
quantities, so that there is thus never any difficulty with a polar 
or almost polar orbit, For a strictly polar orbit cos I and a 
both vanish, so that S18=@, and 

3 

3 cos Jr exp i@ 2 2 112 x+iY = ( D  +c ) 

3. Izsak's Spheroidal Solution 

Although Izsak (1960, 1963) suggested using a slowly rotating 
reference plane to avoid the polar difficulty, actually the same 
transformations hold for his solution of the spheroidal problem. 
For the sake of accessibility, I shall refer to his 1963 paper. 
In making the comparison, note that my symbols are to be changed 
as follows: $4 + a, q U, qo + s, and 0,  + !2*; others remain the 
same. Then, with use of Izsak#s Eqs, ( 3 ) ,  (91), (37), and (63), 
one finds again the equivalent of the present Eqs. (10) for the 
rectangular coordinates X and Y. Note that Izsak's expression for 
n8 contains (1-s ) 'I2 in the numerator and l-e in the denominator 

2 of each term except 0,. 

necessarily produce a singularity as e 1, since each (1-e 1 
is multiplied by v=c/a and p = a(l-e ) is a quantity analogous 
to the semi-latus rectum in a Keplerian orbit. In such an orbit 

2 

The l-e in such a denominator does not 
2 -1 

2 
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p > 0 f o r  any o r b i t  t h a t  does not  i n t e r s e c t  t h e  c e n t e r  of t h e  I 

p l a n e t ,  even i f  e=l.  I n c i d e n t a l l y ,  t h e  same powers o f  p occur i n  
c o e f f i c i e n t s  B3, A3 and t h e  A 3 k ' ~ .  

4.  I s o l a t i o n  of t h e  Riqht Ascension 

I n  e i t h e r  s o l u t i o n ,  t h e  q u a n t i t y  here c a l l e d  x i s  t h e  s e n s i -  
t i v e  p a r t  of t h e  express ion  f o r  t h e  r i g h t  ascension 8 .  I f  one 
a c t u a l l y  wants va lues  of 8 near  a po le  i n  an almost po la r  o r b i t ,  
i t  i s  better t o  rewrite Eq. ( 7 )  a s  

exp ix = (cos 2 $+cos 2 I s i n  2 L  4 )  (cos$ + i l c o s  11sin $ 1  

One t h u s  avoids  c a l c u l a t i n g  t h e  d i f f e r e n c e  of two almost equal  
numbers i n  t h e  denominator. Then 6 i s  g iven  by (6)  and ( 1 2 ) .  

5. V e l o c i t y  Components, wi th  J,=O 

On tak ing  the  loga r i thmic  d e r i v a t i v e  of  (8) and mul t ip ly ing  
t h e  r e s u l t  by X+iY,  w e  f i n d  

1 
2 
- 

2 2  Y + x h ' + ( o  +c ) ( - s in  $ s i n  0' + cos I cos cos On)i (14.2) D O  
2 2  P +c 

Y =  

D i f f e r e n t i a t i o n  of (1.2) g i v e s  

z = rlF;+p; = n6+rlgc cos il ;t 

These equa t ions  con ta in  n e i t h e r  small  denominators nor d i f f e r e n c e s  
of almost equal  q u a n t i t i e s .  H e r e  

-4- 



1 - 1 - 
-1 2 2  2 2 2  

( P  +Ap+B) ( p  +c rl ) s i n  E 

from p. 6 of Bonavito 1962, and 

1 
2 
- 1 - 

2 2  ?i = nocost Jr- (a2 -a3 2, (1-q s i n  $ 1  (p2+c2q2)-1cos i t r ,  

from p.  15 of Walden 1967, a f t e r  a few t ransformat ions .  Here 
q=v0/v2. Then 

1 - 
2 2 2 -1 2 2 2  2 2  i = vo (a2 -a32) ( P  +c v (1-q s i n  $ 1  

F i n a l l y ,  by  E q .  (9)  of t h e  p re sen t  paper ,  

1 
2 4 

k-1 

- -  
-C 2 a ( -2%) (A + C kA3kCOS kv)G 

3 

Thus w e  also need G. W i t h  

p = (l+e cos v ) - l p ,  

2 from ( 5 . 1 2 )  of V1961a, where p=a( l -e  ) #  w e  f ind  

(21 1 e 
P 

6 = - p2  s i n  v G 

Comparison of (16) and (21), w i t h  use of the anomaly connect ion 

1 - 
n L 2 s i n  E = e (1-e s i n  v P 

then g i v e s  

E q s .  (14) (15), (16), (18), (19), and ( 2 3 )  then  g i v e  the complete 

-5- 



a lgor i thm f o r  f i n d i n g  t h e  v e l o c i t y  components i n  t h e  sphe ro ida l  

model, when J3 i s  no t  inc luded .  

- 6 .  The Author*s  Sphero ida l  So lu t ion ,  wi th  J3 

The n o t a t i o n  i n  t h i s  s e c t i o n  i s  t h a t  of V1966, c o r r e c t i o n s  of 
which a r e  t o  be found i n  Walden and Watson 1967, pp. 1 9 ,  20, 2 2 ,  
27, and 31. wi th  t h i s  s o l u t i o n  

6 = G'+G sgn a3, (24) 

where C' is given  i n  Eq. (41.4) of t h e  p r e s e n t  paper and where 
G i s  given by Eq .  (150) of V1966, v i z  

If u i s  a s o l u t i o n  of t h e  cub ic  equat ion  ( 2 7 )  of 171966, then  b y  
(32.1) and (32.2) of t h a t  paper 

-1 -1 2 
c2 = - c u  (16) C1=2u6p0 ( l - C 2 S )  ( l - C 2 )  , 

aOPO 
so t h a t  

(1 -S) -R  , 1 2 2  (1-c2) -cl 
1 -e2 

where 
2 

(l-S)( ; 1 - - c ,  
aOpO 

By ( 2 7 )  of  V1966, however, 

( 2 8 . 1 )  

( 2 8 . 2 )  
iB 

I n s e r t i o n  of (29) i n t o  ( 2 8 )  then shows t h a t  



1 - .. which, with ( 2 6 ) ,  g i v e s  - -  1 

Now, by  Eqs, ( 2 1 . 2 ) ,  (18), and (26) of V1966, f o r  a l l  o r b i t s ,  
d i r ec t  o r  r e t r o g r a d e ,  

Then, from ( 2 5 ) ,  ( 3 1 ) ,  and ( 3 2 ) ,  

1 
2 G = - ( E 2 ' + E 3 ' )  

f o r  a l l  o r b i t s ,  po la r  or n o t ,  and d i r e c t  or  r e t rog rade .  T h i s  

i s  t h e  same a s  t h e  express ion  given i n  Eqs.(159) of V1966 fay 
s e n s i t i v e  p a r t  of fh i n  t h e  case  of a po la r  o r b i t .  
we  have shown t h a t  it ho lds  fo r  a l l  o r b i t s .  

H e r e ,  however, 

n To eva lua te  ti, p lace  E 2 ' =  E 2 '  ($+17./2) and E ~ * = E ~ ~  ( J r -  2) i n t o  

r e s u l t s  a r e  Eqs. (104) of V1966. The 

e2 - s in  JI 
cos E2' = l - e 2 s i n  4f 

e +s in  JT 3 
cos E3' = 1 +e3sin \Ir 

(1-e '1 cos !I! 3 s i n  E3' = - l+e3s in  \Ir ' 1-e2 s i n  JI sin E2 '  = 

where 

-1 2 2  
e2=(l-P)- 'Q,  e3=(1+P) Q Q =P +S , 

with 0 5 - e3 5 e2; 1, by Eqs. (100) and (47) of 771966. 

(33) * 

2 cos(E2'++E3') = cos 2G S= 2 COS G-1 

(35 1 

Then, b y  

From (34) and (36) i t  then fol lows t h a t  

-7- 



where k ( 1 1 1 )  =kl. 
W e  now show t h a t  k ( ' J ; ) = l  for a l l  $ .  F i r s t  no te  t h a t  E 2 f ( y )  

i s  r e l a t e d  t o  y i n  t h e  same way t h a t  an e c c e n t r i c  anomaly i s  re- 
l a t e d  t o  a t r u e  anomaly. 
i n c r e a s e s  a s  y i n c r e a s e s ,  by Eq, (160) of  V1966, so t h a t  G s 2 - l ~  

[ Ea1 { 11*+?-r/2)+E3' ($-n/2) 1 i s  a cont inuous monotonical ly  i n c r e a s i n g  
func t ion  of JI. 

The same holds  f o r  E 3 ' ( y ) .  Thus each 

A l s o ,  from t h e  d e f i n i t i o n s ,  E 2 '  ( y )  and E 3 *  ( y )  a r e  both  equal  

to nn f o r  y = nn. Thus 

1 so t h a t  cos J: and cos S b o t h  vanish  f o r  $=(n+ z ) n .  
a small  i n t e r v a l  (n+ i 1 n - c  e - - ~r < - - (n+ j-1" + 6. 
i n c r e a s e s  w i t h  i n c r e a s e  i n  $, t h e  corresponding changes A cos Jr 
and A cos G a r e  both nega t ive  i f  n i s  even and both p o s i t i v e  i f  n 
i s  odd.  Thus k ( 6 )  > 0 over any such i n t e v a l .  But k($) = +1 f o r  
a l l  + and s i n c e  cos G and t h u s  k($) a r e  cont inuous f u n c t i o n s  of $, 

it  fo l lows  t h a t  

Now cons ider  
1 Since G always 

k($) = 1 for a l l  lir (39 )  

Before w e  r e w r i t e  (37) w i t h  omission of  k ( J I ) ,  l e t  us  f i r s t  
s impl i fy  i t .  To do so, no te  t h a t  by (35) and by (48) o f  V1966, 
which i s  

'q = P + Q s i n  $ ,  

(42.1) 



where 
re -1 

b = - -  2 J~ I J ~ I  (42.2) 

Thus b = O ( J 2 )  and r = O ( 1 ) .  Eqs. (35) and (42) then show t h a t  

(43) 
2 2  -1 

l+e2e3 + \,/(1-e2 2 )(l-e3 2 ) = (1-9 2 ) (l+S+(l-s)%/l-r 6 ) 

on i n s e r t i n g  (39 ) ,  (41 ) ,  and (43) i n t o  (37), w e  f i n d  

1 1 
2 2 

- - -  1 - -  
(44) cos  rJ = 2 2 (1-rl 2 ) [1+S+(1-S)&-r262 1 cos rlr 

W e  a l s o  need s i n  G i n  c a l c u l a t i n g  r ec t angu la r  coord ina tes .  
To e v a l u a t e  i t  unambiguously f i r s t  no te  t h a t  

(45 1 2 s i n  G cos G = s i n  ( E 2 ' + E 3 ' )  

by (24) and (31 ) .  Then from (35) ,  (421,  ( 4 4 ) ,  (45 ) ,  ana (46) it 
follows t h a t  

1 - 1 - -  
2 2(1-s) {Q(JGZ -IGZ)+[ ( ~ + P ) J ~ G T  + ( l - ~ ) , / ~ ] s i n \ l i ~  

1 1 s i n  G = 

(47) 

1/2 

2 T  [ l + S + ( l - S ) G  2 2  I T  (1-v 1 

To check t h i s ,  no te  t h a t  for J, = 0 w e  have 6 = 0,  P -- 0, Q = s , 
J 2 and S = s i n  I ,  so t h a t  (47) then  reduces t o  

1 
2- 2- s i n  G = (1-7 ) lcos I I s i n  JI, 

agreeing wi th  (7)  for s i n  x. 
I f  one r e a l l y  wants values of t h e  r i g h t  ascension near a po le ,  

one can us@ ( 2 4 ) ,  (44) ,  and (47 ) .  

-9- 



I t  i s  then a d v i s a b l e ,  however, t o  rewrite t h e  1-n2  i n  t h e  denomi- 
n a t o r  b y  us ing  (35)  and ( 4 0 ) .  One f i n d s  

(49) 
1-n2  = cos 2 a - ( P  2 +2PQ s i n  111)+(1-S-P 2 ) s i n  2 $ ,  

r e s u l t i n g  i n  t h e  same kind of s i m p l i f i c a t i o n  near  a p o l e  a s  does 

Near a p o l e  i n  a n e a r l y  p o l a r  o r b i t  t h e  term - ( P  +2PQ s i n l )  
i n  (49) i s  much smal le r  than  t h e  p o s i t i v e  t e r m  (l-S-I? ) s i n  $.  To 

v e r i f y  t h i s  s t a t emen t ,  no te  t h a t  i n  a n e a r l y  p o l a r  o r b i t ,  S%1, Q%l, 
p<c1,  and near  a p o l e  \ s i n  $12 1. Then from (32.3) of V1966 

(12)  
2 

2 2 

6 2 
P = ( l  - - C s u p  - u ( 1 - s )  2 &j ( l -s) t  

aOPO PO 

so t h a t  
2 7 

\ P  + ~ P Q  s i n  2 ~ ( 1 -S )  3200 
and 

2 2 ( l - s - p  ) s i n  11- 2 l-s 

Thus E q .  (49) gives no trouble near a p o l e ,  
I n  r ec t angu la r  coord ina te s  w e  f i n d  from (I), (241, (44) I and 

1 
(47)  

- 
.l 

(49 .l) 

(49.2) 

(49.3)  
- 

-1 -- L 

x = ( c  2 2  +e [ H ~ C O S  cos li, - H ~  J1-s sgna3sinfi '  (HZfH3sin$)1 
(50.1) 

1 
2 2 3  Y = ( p  +c [l i lsin hi '  cos 4 +H;',/~=,s sgna3cosG' (H2+H3sin$)l 

(50.21 

(50.3) 

from ( 1 . 2 )  of V1966. H e r e  

= +[ (1+P) Jl78 + ( 1 - P ) m  I H3 (51.3) 

-10- 



and 
4 

k=l 

1 
2 2 

- -  
G'=B3-C a3(-2(5) (A3v + T A3ksin kv) 

- 1 
-1 2 3 2 2  +a3a2 u ( ~ ~ 4 -  ';? C1C2Q cos '4 + 3 C2 Q sin 2 $ ) ,  

32 
(51.4) 

from Eq.(150) of V1966, Like Eqs.(lO) these equations contain no 
singularities, even 
oribts. 

For an exactly 
CJ~=@~. The X and Y 

X + iY 

for a polar orbit. Moreover they hold for all 

polar orbit we have S = l ,  P=O, Qrl, -0, and 
equations then become 

3- 

1 
2 2 2  = (P +c ) cos Jr exp iB,, 

as for the case J3=0 of Eq. 
z = p q - 6 ,  where 6 =(re/2)J;'\J31, so that the orbit is still changed 
by the J3. 

(11). The 2 equation, however, is 

7 .  Velocity Components, with J3 Accounted for 

From Eqs. (50.1) and (50.2) 

1 
2 

- 1 - 

(53 1 -1 2 2 2  X+iY=(o +c ) [HICos$+iH1 (1-S) sgna3 (H2+H3sin$)]exp i n '  

Logarithmic differentiation of (53), with multiplication of the 
result by X+iY, gives 

1 1 - 
* .  2 2 2  2 
x+iy=( & + i n i )  (X+iY)+(o +C ) [-Hlsinlb+iH;l(l-S) sgna3H3cos$]6expih;' , 

2 2  4 (54) P +c 

so that 

1 1 - 
2 2 2  -1 i= X-Yh@+(p +c ) [-H1sin'4cos P'-H1 (l-S)2sgna3H3~~sdfsinOt]6 

P +c (54.1) 

-11- 



- 
2 2 2  -1 2 0 0  y+X?t1+(p +e ) I - H  s in$sin<i '+H 1 ( 1 - S )  s g n a 3 H 3 c o s v c o s ~ ' ] $  

2 2  1 y= - 

P +C (54.2) 

A1 so 

(54.3) 

by ( 1 5 ) .  E q s .  (16) and (23) s t i l l  ho ld ,  so t h a t  t h e  e q u a t i o n s  for 
b and 6 a r e  a s  for  J3=0. 

For IZ8 we f i n d  from (51.4) 

4 

k= l  

1 
c -  

h1z-c 2 a ( - 2 9 )  2 (A3+ C kA3kcOSkV); 
3 

1 
(55 1 -1 3- 3 2 2  

u (B  + C Q s i n t +  16 C2 Q cos 2 $ ) 6  '"3 "2 3 4 1 2  

The new express ion  for  1': i s  s t i l l  l ack ing .  From p ,  14 of 
Bonavito 1966, w e  f i n d  

Here 

2 
( 1 - S ) +  1 - = 1+ -- 

U a O P O  (1-2s) 3 C' [I+ - 
aOPO 

2 1 2J 2J- 2 c 2 = co 2-b2  = r., J2 - 4 r e  
3 (59) 

-12-  



-. 

... 

The equa t ions  of  t h i s  s e c t i o n  reduce t o  those  of Sec t ion  5 ,  i f  j3 

i s  equated t o  zero.  

8.  The Improved Alqorithm f o r  t h e  Spheroidal  Model, wi th  J3 

Begin wi th  Sec t ion  1 2  of V1966 and fo l low it through t h e  
t h i r d  l i n e  on p.45, v i z ,  T = P+Q s i n  \Ir. Ins t ead  of t hen  ca lcu-  
l a t i n g  E 2 I  and E3 '  I however, r e p l a c e  t h a t  c a l c u l a t i o n  wi th  E q s .  

( 4 2 ) ,  (50) ,and (51) of t h e  p r e s e n t  paper .  This  changed pro- 
cedure n o t  only s i m p l i f i e s  t h e  c a l c u l a t i o n  of X ,  Y ,  and z f o r  
near-polar  o rb i t s  b u t  bypasses  t h e  r i g h t  ascens ion  i n  a l l  ca ses .  
To c a l c u l a t e  t h e  v e l o c i t i e s  2, <, and i, use  E q s .  (54) through 
(59) of t h e  p r e s e n t  paper .  
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- 
Algorithm f o r  S a t e l l i t e  P o s i t i o n  Vector and Veloc i ty ,  

if t h e  P o t e n t i a l  V = -uo(p2+c2q2)-$J3 = 0) 

Given 

P, r e t  J2 a ,  e ,  I ,  I+ B, 

Compute once f o r  each o r b i t :  

D'=D+4a 2 2  co ( l-qo 2 ) #  A=-2ac0 2D-1 (1-q0 2 1 (ap-co2qo2)<OI b c 0  2n 2D-lD'  

1 - 
bl= - -A>O, 1 2 b2=B 2 ao=a+b 1 >aI  Po= -co 2a-1 0 (1-?7i1)+aai1pD-1D' 

n 
Also,  wi th  Rn(x) E x P,(x-'), 

compute 

1 
2 2  03 

1 - 
A2=(1-e2)2p-1 (b2/p)nPn(bl/b2)Rn[ (1-e 1, where 

n=O 

-15- 



LA +c 2n 2A B B - l  a O ' = a o  1 0  0 2 1 2  

c 

1 1 
4 3 -3 2 2 4e2 - 

2 - - -  (l-e2)2p-3e(-2blb2 p+b, k ) 

A Z 1 = ( l - e  ' P -le[ blp-l+ (3b12-b, ) p  

A12= 3 p (1-e ) b2 - 4 

2 
1 

-2- b b 2 ( 1 + 3 ) p  e2 -3 + 3 b24(4+3e )pq41 2 1 2  

-16- 



1 1 
2 2 - 3 3  1 -1 1 - 2 1  2 2 1 2 2 - 5 4 1  2 

A 3 3 = ( 1 - e  D e [-b 12 1 p - p  (zb2 +co > I 8  A34= - ~ ( 1 - e  1 p e (5b2 +co2) 

X1=f31-co2f32a~1n02B1B~1 X2=@,+f3,ai1 (ao+A1) A2 -1 

1 -- 1 
1 2 -1 X5 = c0 '6 17 = 8 q B2 

For each p o i n t  a t  t i m e  t ,  now compute 

1 ) Ms=2nvl ( t+X1 Ih S = 2nV2(t+X2) 

2 )  Solve for  Eo : Ms+EO-e s i n  (Ms+Eo) =Ms 

3)  To f ind  vo: Place  E=Ms+EO i n  t h e  anomaly connect ions 
1 

2 - 2  
cos v = (1-e cos E)-l(cos E - e ) ,  s i n  v = (1-e cos E)- ' ( l -e  ) s i n  E 

and so lve  for v = Ms+vo 

-17- 



6 )  Then El=[ l-e'cos(Ms+Eo)l-lM - 'e'[l-e'cos(Ms+Eo) 1 -3  M1 2 sin(Ms+Eo) 1 2  

7)  Place E=Ms+EO+E1 in the anomaly connections and solve for 
v=MS+V +V 0 1  

c\ 

L 

8) Then 1!1 = I  [A v + T, A2ksin(kMs+kvo)]+h7~in(2~~~s+2~o) 
k=l 

9) Compute 

-1 
2 

1 2 

k=l 508 M2=-a. [A1vl+ Alksin(kM s o  +kv )+kg 1- 5 $lcos(2$ +2$ ) -  ~in(2$~+2$~) 

-1 10) Then E2=[ 1-e'cos (Ms+Eo+E1) 1 M2 

11) Place E=MS+E +E +E in the anomaly connections to find v=Ms+vo+vl+v2~ 0 1 2  

12) Then $ = A  [A v +A v cos(Ms+v0)+2A22vlcos(2Ms+2v0) 2 6 2 2  2 1 1  

Then 

E=Ms+EO+E1+EZ, V=Ms+v0+v 1 +V 2' (f=$s+$o+C1+92 

-1 13) o=a(l-e cos E)=(l+e cos v) p ,  T=q s i n  $ 0 
1 
2 4 
- 
(A3v+ C Asksin kv) 2 2m-4sin211r)-c a3 -1 

(B3JI+ 32 2 k=l 
14) G'=9j+a 01' 3 2  

Then the rectangular coordinates are given by 

1 
2 2 2  15) X=(o +co ) (cos O'cosdl-sin SI'cos 1 sin 4 )  

-1i-I- 



Then 

To find the velocity components, compute 

1 
2 

1 - - - 
I 

v = -. 
D '  i- 

a i  u(l-e2) 

e 2  P = - P sinv G P 

1 
2 2 2  ~ ( l - q  sin 4 )  "2 

2 2 2  l\r = 
D +co r! 

* 
77 21?-4c0s 211r)i 

-1 61'=ct3"i (B + - 3 1 6 0 2  

4 

k=l 

1 

2(A3+ kA cos kv); 3k 

1 
P 2 2 - 2  a= - - X-Y;@+(~ +co (-sin$cosnI-cos I cos$sinnt)$ 2 2  

P +co 

z = qp+q0t3 cos Jr Q 

- 1 9 -  





Appendix I1 

Algorithm for S a t e l l i t e  P o s i t i o n  Vector and Veloc i ty ,  
2 2 2 - 1  i f  t h e  P o t e n t i a l  V = - u ( p + r j b ) ( p  +c r\ ) (J3#O) 

EB Given CI, re J2 , J3 I a I e I S , P, 8, I P, 
Compute once for each o r b i t  

9 

1 I J ~ I  2 - b 2 ,  p=a( l -e  2 6 = - - r  - 2 2  
Co =re J 2 ,  2 e J2 =c3 

2 

ap 
C 

2 2  
2 2 8a f i 2  { 1+ - (3S-2))S(l-S) -2ac (ap-c S ) ( l - S ) +  

A =  -I 

2 2 2 2  L 2  2 2  
(ap-c (ap-c ~ ) + 4 a  c S+ % tj (3ap-4a -c )s(l-s)  

P 

1 - 
2 -1 2 1 b2=B 2 

1' B = c + ( 2 a )  (ap-c ) A ,  bl= - F A ,  a =a+b 0 

1 ~ - 
2 

a 2 = ( ~ p O )  I u from 2 =av1 (B+ap-aAa-c ) , Po 0 

2 
1 C 

-1 2 2 

( 1 - 2 s I l 2  + f o r  d i rec t  orb i t  

- -I_ C u ,  a3=tCx2 (1-su ) 2 
( l -S)+  2 '2- aOpO u L l +  - 

=OPO 
C - 

[1+ - 
aOPO - for r e t r o g r a d e  

2 
s u ) - I  3 u(1 -  - u ) ,  P = ( l -  - C s u p  u(1-s)  , c1 = (1- - 

2 
C 

2 
C 

aOPO PO aOPO aOPO PO 
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i 
(c/p) 2i-2n i -n = l- (-1) 

D 2 i  n=Q 

i r (-1) i -n ( c /p )2 i -2n  (b2/P) 2n+1P 2n+1 ( b l b 2  1 = 
D 2 i + 1  n=O 

1 1 
2 z -3 2 3 -3 2 7 4,2 

1 

3 
All= -4: (1-e p e ( -2b lb2  ~ + b , ~ )  A12" 32- P (1-e I b2 

2 -2- -1 -2-  ' b  b 2 (1+ 2 - 3 3 4  2 -4 
2 1 2  ) p  + gb2 (4+3e ) p  ] A%l = (1-e p e[bip-I+(3bl2-b2 ) p  

1 
A 2 2 = ( 1 - e  2 2 - 1 e  ) p [ g  2 2  (3bl -b22)p2- e2b b -3+ b 4(6e 2 +e 4 ) p  -4 ] 

2 z -1 e3 2 -3 4 -4 3 2 2 - 5  4 4  

a 1 2 '  32 2 

1 1 

A23=(1-e P 8 ( -b lb2  P +b2 P A24= 256 (1-e ) p b2 e 

1 - 
A 3 1 = ( l - e  1 P -3e[2+blP-1 (3+ 4 3 e 2 -p - 2 1  (5 b2 2 + c  2 ) (4+3e 2 ) 1 

- 1 2 - 2 e 4  3 2 1 2  2 2 1 - 
A32=(1-e 2 2 - 3 e + 3 b p e - p  1 P [;T 4 1 ( z + y e ) ( z b 2 + c ) ]  

1 1 
1 2 2 - 5 1  2 4  2 -2-3 3-1 -1 1 -2 1 2 2 

A33=( l -e  P LEb lP  -7 P (- b +C 11, A34= - E ( 1 - e  ) p (-b &+c )e 

Q = (P +S) 2a 

2 2  2 2  

2 1/2 

B -1- j- 1 C1P-b(8 3 C1 2 1  + - C >(- 1 . 2  Q 1-t 64 9 C2 2 4  Q + O ( J 2  3 
2- 2 2 2  

- 2 2 -  



1 
2 - 1 c 2  (1+ $- Q 2 ) + 0 ( J 2  3 1, B3= - F2- i- c1 8 2 

- -C2PQ+ - 9 C C Q3+ $ CIQ, B22= - -[ 1 (4C2+3C1 2 2  ) Q  +3C2 2 4  Q 1 
16 1 2 32 

3 3 2 4  -1 -1 
uPO C C Q B24= 256 C2 Q , r = 2 ( 1 - C 2 S )  

1 
16 1 2 B23= - 

1 1 - - -  
'=a +A +c 2 A2Bl'B2 -1 -1 

a. 0 1 

-1 
0 e '  =a e a 

Compute for each po in t  

1) Ms=2nVl ( t + h l ) ,  !Js=2W2 ( t + h 2 )  

2) Solve for Eo: M +E -e 's in(M +E )=M 

3 )  To f i n d  vo: P lace  E=Ms+EO i n  the anomaly connect ions 

s o  s o  s 

4 )  I0=X3vo 

-23- 



5)  

6 )  

Compute M1= -x4vo- ,-I ;. 5 ~ ? i 2  sin ( 2 ) S T 2 v 0 )  

- 1- 
Then E1=[l-e'COS(M +Eo)! ?.Zi-Te'[l-e'cos(Ms+EO)l 1 -3  M 2 sin(M +E ) 

S 1 s o  

7) Place E=Ms+€ o+: in the  anomaly connections and solve for v=M +v +v s o 1  

-1 2 

k=l 
8) Then $J1=ka[ A2vl+ A2ksin (kMs+kvo) 1 -B 21 B-l-cos 2 ( l i i S + $ , )  -B22B2 

sin ( 2  J, s+2 tio) 

2 

k=l 
9) Compute M2=-ao -1 [AIV1+ C Alksin (kMs+kvo) + A 5  {B1 W1+Bl1cos ( li's+90) 

10) Then EZ=[ 1-e * cos (Ms+EOfE1) 1 -lM2 

11) Place E=Ms+E +E +E 

v=m +V 3.v +v 

in the anomaly connections to find 0 1 2  

s o 1 2  

= A  [ A  v +A v cos(M +v0)+2A22V1~~~(2Ms+2vo) 12) Then '2 6 2 2 21 1 S 

+A23~in(3Ms+3vO)+A24sin (4Ms+4v0) 3 -B2 -1 [ -B21)1sin(Vs+~o) 

+2B22 1\r 1 cos(21 s o  +2ilr ) + B ~ ~ C O S ( ~ ~ ~ + ~ $ ~ ) + B ~ ~ S ~ ~ ( ~ ~ ~ + ~ ~ ~ ~ I  

Then E=Ms+EO+E1+E2, v=M +V +V +V Irl=$,+$ +$ +$ 
s 0 1 2 '  0 1 2  

-1 13) p=a(l-cos E)=(l+e cos v)  p ,  rl=P+Q sin ) 

1 - 1  
-1 2 3 4 

(A3v+ C A3ksin kv)+a3a2 u (B3$- --C C Qcosq 4 1 2  14) O'=f33-~ a3 a (%r k=l 
3 + -  32 C22Q2sin 21) 
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P 

Then if sgn a3= 21 for direct or retrograde orbits respectively, 
the rectangular coordinates are 

1 - 1 
15) X=(o 2 +c 2-2 ) [H1cos  fi8cos$-H;1(1-S)2sgna3 (H2+H3sin$)sin sZ@1 

1 _. 1 
16) Y=(p 2 +c 2 2  ) [H1Sinfi~cosa+H;1(1-s)2sina (H +H sin$)cosP'] 

3 2 3  

Velocity Cpmponents 

1 
2 2 

2 2 2  

- 1 
a p(1-e ) ' (p +AP+B) 18) v= - 

a. P +c Q 

. e 2  0 19) P= - P sinv v P 

1 
2 
- 

2 2 2-1 2 
(1+C1'1-C2Q 1 (P +e 77 1 

. 4 . 
21) P'= -c 2 a3 (A3+ C k A 3 k c o s  kv)v 

k=l 

1 
-1 2 3 2 2  +a 3 2  a u ( B ~ +  C ~ C ~ Q  sin++ 16 c2 Q cos 2$)9 

. - 1 1 
23) $= Y+Xhe+(p 2 +c 2 2  ) [ -H1sin+sinbl'+H;l(l-S) 2 sgna3H3coslcos081 i 

P +c 
e 

24) Z= 7; + pQcos* Jr 
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